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Electron-Ion Recombination in a Sonic Orifice Flow
RICHARD C. JENKINS*

Grumman Aerospace Corporation, Bethpage, N. Y.

A comparison is made of measured and predicted axial variations of flow properties in a
freely expanding plasma. Surveys of ion density and electron temperature were obtained in
an arc-heated argon flow produced by expansion from a 0.635-cm-diam sonic orifice. Measure-
ments were taken from current-voltage characteristics produced by uncooled electrostatic
probes that were swept rapidly through the high temperature freejet. The flowfield calcula-
tions were based on an approximate analysis developed by Talbot, Chou, and Robben. Appli-
cation of their analysis required modification to account for thermal nonequilibrium at the
orifice. As a further modification, we have adopted a specific total density distribution which
was empirically deduced.

1. Introduction

THIS paper describes an investigation of the effects of
electron-ion recombination on the flow properties in a

steady-state expansion of a partially ionized monatomic gas
from a sonic orifice. The purpose of this work was to eval-
uate an approximate method of determining the flow proper-
ties in the test section of an arc-heated wind tunnel. We
sought to develop a method that required a minimum of test
section measurements. Our primary effort was directed
toward approximate prediction of the level and variation of
electron temperature in an expanding plasma. In flows with
high ionization fraction, the speed of sound and Mach number
are strongly dependent on electron temperature, particularly
under conditions of thermal nonequilibrium. Also, the elec-
tron temperature must be known so as to deduce ion density
from a measurement of probe ion saturation current. An
accurate probe measurement of electron temperature is often
difficult to obtain since one must record probe current at
many different voltage levels. When the flowfield is turbu-
lent or slightly unsteady (a condition often encountered in
arc-heated flows or in short duration flows such as a shock
tunnel), a reasonably accurate method of estimating local
electron temperature may be more convenient than a direct
measurement.

The variation of flow properties during a rapid expansion of
a partially ionized gas is strongly influenced by electron-ion
recombination. Under conditions encountered in many
laboratory plasmas, this recombination is governed by a
three-body collisional-radiative process in which the third
body is an electron that carries off part of the recombination
energy.1"3 The recombination process provides energy that
can elevate the electron temperature well above the heavy-
particle temperature during the expansion. This type of
recombination mechanism would account for the high levels
of electron temperature that are often observed in rapidly ex-
panded arc-heated flows.

An approximate analysis of electron-ion recombination
effects in a Laval nozzle was presented by Talbot, Chou, and
Robben,4 and later extended by Chou and Talbot for the
special case of a sonic orifice expansion.5 Their method of
analysis is approximate in that it yields only the upper and
lower bounds to the actual flow properties, assuming for these
bounds that the gas is either optically thick or optically thin.
In their analysis, they used the reaction rate coefficients cal-
culated by Bates et al.1*2 for hydrogen, assuming that these
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rate coefficients could be applied to any singly ionized mon-
atomic gas for an approximate analysis. The data presented
by Robben, Kunkel and Talbot3 provided some justification
for this assumption. Further discussion of this assumption
is presented in Ref. 4, which also presents a method of adapt-
ing the Bates' hydrogen radiation coefficients for use with
argon.

For a partial evaluation of this type of analysis, we under-
took a series of measurements in an arc-heated sonic orifice
flowfield. The expansion region upstream of the normal shock
in this type of freejet has been studied in detail at low tem-
perature by a number of investigators (e.g., Refs. 6 and 7),
and our previous investigation8 of this type of plasma expan-
sion suggested that the axial density distribution was pre-
dictable. Our measurements showed, however, that the
level and variation of other flow properties could not be
similarly predicted.

The preliminary data presented in Ref. 8 showed qualita-
tive agreement with the theoretical results presented in Ref. 5.
Vast differences in flow conditions, however, prevented a
quantitative comparison. Our ion density levels were almost
two orders of magnitude higher than Chou and Talbot5 had
assumed. In addition, a more fundamental difference ruled
out a direct comparison. Their step-by-step calculations
started from the orifice, at which point the flow was assumed
to be in thermal equilibrium. As we show in a later section,
the level of our ion density measurements proved conclusively
that at the orifice our flow was not in thermal equilibrium.
The electron temperature was significantly higher than the
heavy-particle temperature.

For the present work, we modified Talbot's analysis to
provide for nonequilibrium conditions at the orifice. We
started our calculations at the orifice by taking into account
differences in electron and ion temperature at this point.
Evaluation of starting conditions for the calculations required
measurement of bulk flow properties at the orifice and one
flowfield measurement of ion density. The upper and lower
limits on some orifice properties were established by iterating
the flowfield calculations to match the calculated and mea-
sured ion density at one point in the expanded flow. We
needed this one flowfield measurement to start our calcula-
tions because the nonequilibrium flow properties at the orifice
could not be completely specified by bulk flow measurements
alone.

The Langmuir probes used for this work were slender
tungsten wire cylinders protruding from a glass sheath, a de-
sign used extensively at the University of Toronto9-10 for
free-molecular probe measurements. We used their data
analysis procedures but adopted different data acquisition
techniques for use with transient probes. These measure-
ment techniques made it possible for us to obtain data at
higher temperatures and higher ion density levels than those
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presented by most other investigators who have used this type
of probe.

2. Flowfield Analysis

Since our objective is a comparison .of our data with a
modification of a theoretical analysis developed by other in-
vestigators, we will present only those equations necessary
for our calculations and omit derivations already presented
elsewhere. We adopt the notation used by Talbot, Chou,
and Robben4 for their continuum flow analysis of Laval nozzle
flows and apply this analysis to a sonic orifice flowfield. The
COS unit system is used except where noted.

2.1 Basic Equations

The gas is assumed to be monatomic, only singly ionized,
and everywhere electrically neutral (ne = Hi). Further, we
assume that the ion and neutral temperatures are equal
throughout the flow, and that wz- = ma. Assuming that the
three species present individually obey the perfect gas law,
the sum of the partial pressures yields

p = nk(JT. + T) (1)
where/ is the ionization fraction, T is the heavy particle tem-
perature, and n = m + na. Then, the local speed of sound
is given by

We assume that no net current flows through the plasma. In
combination with the requirement for local electrical neu-
trality, this implies that the velocity of all species is every-
where equal. Then, we can define a plasma Mach number as

M = u/a (3)
The enthalpy per unit mass is given by

i = (5/2)(k/ma)(fTe + T) + (x/ma)f (4)
where x is the ionization energy per atom.

2.2 Axial Density Distribution

In a low temperature expansion from a sonic orifice, the
local Mach number along the centerline can be predicted
from an expression developed by Ashkenas and Sherman.11

For an isentropic expansion of a monatomic gas one can
then find the centerline density distribution using the relation

n/n* = 1.5396(1 + 7Jfc
2/3)-3/2 (5)

where n* is the density at the orifice and Mc is the predicted
cold flow Mach number.

In an earlier experimental investigation8 of a plasma expan-
sion from a sonic orifice, we found that measurements of ion
density taken along the centerline upstream of the normal
shock could be correlated with the low temperature density
distribution. When Eq. (5) was normalized to agree with
the measured ion density at one point in an axial survey, the
remaining measurements followed this distribution. Thus
the measured ion density distribution agreed with the pre-
dicted total density distribution, implying that the flow far
from the orifice was chemically frozen.

Subsequent surveys carried out closer to the orifice re-
vealed that the ion density decayed more rapidly than pre-
dicted by Eq. (5). The discrepancy between data and theory
increased as surveys were carried out closer to the orifice.
These observations suggested that the total density distribu-
tion in our plasma expansion was the same as that predicted
for a corresponding low-temperature argon expansion, and
that the discrepancy between ion density measurements and
frozen flow theory could be attributed to electron ion re-
combination.

In this investigation, we have based our flowfield calcula-
tions on the simplifying assumption that the total density
distribution in our freejet is identical to that predicted by
Eq. (5) for a low-temperature argon flow from the same
diameter orifice. This distribution is valid only in the region
downstream of x/D = 1, where x is the axial distance from
an orifice of diameter D. It is invalid in the neighborhood of
the orifice. The density distribution close to the orifice is
critically dependent on its geometry, and in fact, no exact
flowfield solution exists that can describe the density distribu-
tion in the neighborhood of an orifice of arbitrary shape. We
have, therefore, chosen to describe the density distribution in
the region 0 < x/D < 1 with an exponential decay. This
distribution is denoted by the subscript e. We find

(n/n )e = e"1>5 x D (6)
The constant matches this distribution to Eq. (5) at x/D =• 1,
where the slopes of the two distributions are approximately
equal.

Thus, we have chosen to deviate from Talbot's assumption5

that nux2 = const, and adopt instead a specified density dis-
tribution. This approach greatly simplifies the calculations
since the actual density at any point in the expanding plasma
can now be deduced from an estimate of density at the orifice.
Furthermore, we can obtain, by differentiating the equations
for (n/n*), an analytic expression for dn/dx at any point.

2.3 Equations of Flow

Talbot and his associates found the following expression for
the local electron temperature gradient:

dTe=2Tedn [V
dx 3 n dx |_\ 3 k dx 3n<uk

(7)

where the subscript A denotes properties for argon.
An expression of this general form appeared earlier in a

paper by Bray,12 who attributed its development to Wilson.13

It is found from an energy conservation equation for free
electrons. The particular form of the preceding expression,
however, results from assumption of specific mechanisms of
energy transfer between species and other assumptions that
are described in detail in Refs. 4 and 5, to which the reader is
referred for values of the constants Di, Z)2, and D3. The
numerical analysis makes use of this expression for the opti-
cally thin calculation as presented—for the optically thick
calculation, RA = 0.

The expression for df/dx is given by

df/dx = (-nt/u)[(<* + S)f - 8] (8)
which Talbot developed from Bate's work.

The rate coefficients a, S, and RA are functions of n» and
Te. We evaluated these coefficients using the expressions
presented by Talbot et al. in Ref. 4, where a, S, and RA are
found from power series approximations to Bates' tabulated
theoretical rate coefficients for hydrogen.1-2'14

Consideration of the conservation equations for the ion and
neutral species in a plasma yields the following expression for
the local heavy-particle temperature gradient:

dT = 2T dn njrnj _ F /WV\
dx 3n dx u {_ \n,-m«/

where the constants Di, D2, and D3 are the same as in Eq. (7).
The change in velocity between two points is found from

consideration of the change in total enthalpy for both an
optically thick and an optically thin gas. For an optically
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thick gas, we assume no radial or axial heat transfer by con-
duction; thus, the expansion of an optically thick plasma can
be considered an adiabatic process. Using Eq. (4), we find
the following expression for total enthalpy per unit mass:

perature at the orifice:

h = (5k/2ma)(fTe + T) + + u*/2 (10)

This relation can be evaluated to obtain h* at the orifice, and
then solved for velocity at downstream points.

For an optically thin gas, Talbot's analysis provided for
radiation but for no . absorption by adjacent fluid elements.
The energy radiated is completely lost from the flow. If we
again assume no conductive heat transfer, the optically thin
flow is nonadiabatic only because of radiation losses; h is
not constant, but its variation can be determined from con-
sideration of radiative energy losses. Then, for our optically
thin calculations, it was also possible to use Eq. (10) to com-
pute the local total enthalpy. Starting from the orifice where
the velocity was known, it was computed at downstream
points by keeping in the calculation a running account of
enthalpy loss due to radiation.

Once the flow properties are completely known at one point,
Eqs. (7-10), together with the computed local values of n
and dn/dx, can be used to calculate flow properties at down-
stream points. We used two separate calculations, one for
an optically thick gas, and one for an optically thin gas.

2.4 Evaluation of Flow Properties at the Orifice

To start the calculations, we had to know all plasma proper-
ties at the orifice. Our measurements revealed that at the
orifice the flow was in a state of thermal nonequilibrium.
The assumption of thermal equilibrium yielded inconsistent
results. Our probe measurements of ion density showed that
at a point 0.75 cm downstream of the orifice, m was falling
quite rapidly and yet was an order of magnitude higher than
predicted at the orifice under thermal equilibrium conditions.
In addition, at this point in the flow, we measured a value of
Te that was about the same as the deduced value of (fTe +
T)*, and our data showed that Te also was falling rapidly.
From these observations, we concluded that Te* > T*.

Thermal nonequilibrium is frequently encountered in gases
heated by an arc discharge. Under such conditions, it is often
found that the ionization level is determined by the electron
temperature. If the electrons in higher energy states are in
equilibrium with free electrons, one can compute the ioniza-
tion fraction from the Saha equation using the electron tem-
perature. An argument supporting application of this rela-
tion under thermal nonequilibrium conditions was given by
Kerrebrock.15

We have assumed, therefore, that at the orifice the pressure,
electron temperature, and ionization fraction are related by
the expression

2̂. 105iu "1/2

which was presented for argon in this form in Ref. 16. The
value of p* is given in atmospheres.

Pressure measurements were made with a small tap located
within the orifice. Let ph* represent the orifice pressure
measured in the high temperature flow, and let pc* represent
the pressure measured with the same gas flow rate but with
the arc off. Applying the continuity equation,

nc*uc*Ach* = nh*Uh*
where Ac h* represents the ratio of effective orifice areas under
cold flow and hot flow conditions. Using Eqs. (1) and (2) for
the hot flow and the corresponding ideal gas relations for the
cold flow, we find the number density at the orifice is given by

nh* = no*Ae1*\pc*/pn*] (12)
Similarly, we find the following expression for plasma tem-

(JT. + T)* = (Tc*/Ach*)(ph*/p*)* (13)
The preceding expressions provide mean values for these flow

properties at the orifice. These equations provided starting
conditions for calculations of flow properties along the center-
line for comparison with our measurements. Since radial
gradients in flow properties undoubtedly exist, the actual
center line values of (fTe + T)* should be somewhat higher,
and n* somewhat lower, than these equations predict. We
have chosen a value of Ach* = 1 to provide at least some com-
pensation for radial gradients. Because of the lower Reynolds
in the hot flow, one would expect to encounter values of Ach*
greater than 1.

To determine the individual values of /*, Te*, and T*, we
used an iterative procedure based on the condition that calcu-
lated and measured ion density must agree at x/D = 2. In
the calculation for an optically thick gas, different initial
combinations of /*, Te*} and T* were chosen [consistent with
Eqs. (11) and (13)] until the predicted and measured ion
densities agreed at x/D = 2. This procedure yielded the
flow conditions that would have had to exist at the orifice if
the gas were optically thick. A similar iteration of the
optically thin calculation yielded the starting conditions for
the optically thin limiting assumption. Although this
iterative procedure yielded sufficient information to begin
either calculation, it could not provide actual values for /*,
Te*, and T*, only the upper and lower bounds. The values
found in this manner were used as the initial conditions for the
integration of Eqs. (7-9).

Because our calculations utilized a specified density dis-
tribution, the program was simple enough to be run on a time-
sharing computer. A Runge-Kutta technique was used to
integrate Eqs. (7-9) from the orifice to a point where the
effects of the presence of the normal shock caused deviation
of the data from an undisturbed orifice expansion.

3. Experimental Measurements

The experiments were carried out in the Grumman Research
Department arc tunnel. The flowfield was a freejet of argon
from a 0.635-cm-diam port that was expanded to approxi-
mately 5 cm in outer diameter. The gas was arc-heated
shortly upstream of the orifice with a wall-stabilized arc
chamber that required no gas vortex. Figure 1 shows a
sketch of the flowfield and orifice geometry. The orifice ex-
hausted into a water-cooled test tank that was pumped con-
tinuously by a two-stage mechanical pump assembly that
maintained the tank pressure at less than 1 torr for these
tests. The nozzle pressure ratio was nominally 200.

3.1 Probe Measurement Technique

The Langmuir probe was a glass-encased 0.025-mm-diam
tungsten wire with 2.08-mm length exposed for measurement.
The insulator diameter in the vicinity of the probe tip was
0.25 mm. The probes were mounted on an axial traverse
system that was supported by a rotating shaft that passed
through the front wall of the vacuum tank. Shaft rotation
provided lateral probe motion through the freejet. Axial

Fig. 1 Sketch of orifice and flowfield.
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Table 1 Approximate mean free paths

Fig. 2 Typical Lang-
muir probe signal.

PROBE VOLTAGE I v/cm

motion was provided by an externally controlled screw drive
on the probe support. Rapid probe movement through
the freejet was required to avoid overheating the probe.

A 700-#z sawtooth voltage was applied to the probe elec-
trode (biased against the arc anode) and the probe signal was
displayed as current vs voltage on an oscilloscope. As the
probe was swept through the flow a series of probe charac-
teristics could be observed that formed a closely packed
family of curves. To display only one of these probe charac-
teristics we used a trigger circuit (described in Ref. 8) to en-
hance oscilloscope trace light intensity when the probe was on
the flow centerline. A typical probe signal is shown in Fig. 2.

The methods used to obtain ion density from this type of
probe signal have been described in Ref. 8. The ion density
was found from the equation

where 7; represents the ion current measured in the saturation
region at a prescribed voltage relative to the probe floating
potential V/. IL is a function of probe potential V, of Ti/Te,
and of the ratio of probe radius to Debye length. TL has been
evaluated from theoretical calculations of the entire probe
characteristic for a cylindrical probe in an argon plasma and
was presented in graphic form by Sonin in Ref. 9.

The electron temperature was found from the probe charac-
teristic by using the relation

d(lnIe)/dV = e/kTe (15)
where Ie is the current flow due to electrons arriving at the
probe. Ie was measured on an oscilloscope trace at small volt-
age increments and plotted vs voltage on semilog paper to de-
termine Te.

The probe electrodes were cleaned at approximately 1 torr in
an argon atmosphere by a high voltage discharge from a Tesla
coil. It was found necessary to reclean the probes each time
they were exposed to atmospheric conditions. When the elec-
trodes were adequately cleaned, a semilog plot of probe elec-
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a 1/8/69

\ —— COMPUTED DENSITY LEVEL NORMALIZED TO
AGREE WITH DATA AT x /D> 2
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T

Fig. 3 Ion density survey compared to frozen flow expan-
sion.
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tron current vs voltage was linear over at least two orders of
magnitude.

3.2 Sources of Probe Measurement Error

To obtain freestream measurements, the probe should
operate under free-molecular conditions to minimize dis-
turbances in the incident plasma. If the axis of the probe
electrode is aligned with the flow, the diameter of the electrode
(and also adjacent sections of insulating glass) should be
much smaller than any of the local mean free paths. Con-
sideration of Table 1 shows that the probe electrode diameter
d was small compared to mean free paths involving neutrals,
but was operating in a transition flow with respect to charged
particles. This situation cannot be avoided in probe in-
vestigations of high ion density plasmas, particularly at rela-
tively low plasma temperatures.

Other investigators9'10 have shown that small values of
\a/d do not provide a measurable source of error in Langmuir
probe electron temperature measurements, but that the ion
density measurements may not yield actual freestream values.
Sonin9 conducted a detailed study of probe behavior at ion
densities in the range of 1013 cm~3, and found satisfactory
probe response with \a/d in the range of 0.03 to 0.5. Al-
though our ion density levels were an order of magnitude
higher than Sonin's, our ion temperatures were also an order
of magnitude higher, and our ratio of \u/d was in the same
range. Based on this comparison, we believe that this source
of probe error may not have been significant.

An additional source of probe error involves the effective
probe electrode area. Physical area was measured accurately
by microscope. Sonin found that the presence of electrode
end effects was negligible for a probe length-to-diameter ratio
greater than 100. In our work, we chose a ratio of 80. In
view of the relatively small sheath thickness, we believe no
significant error was associated with probe length except
possibly the averaging of our measurements over a finite
probe length in regions of high ion density gradients.

A further source of error could be the presence of con-
taminants in the flow. We used a commercial grade of argon
rather than ultra-high-purity argon. Thus nitrogen, oxygen,
and water vapor were present in the flow to some extent. In
addition, there was an undetermined level of tungsten and
copper contamination present in the flow from the arc elec-
trodes. Because of the approach chosen for electron tem-
perature data reduction, we are convinced that the probe
data are not in error because of such contaminants. How-
ever, it is possible that the entire flowfield chemistry could be
affected by the presence of trace contaminants. Most likely,
such effects would be less noticeable at high ionization frac-

Table 2 Operating conditions

Settling Arc Arc
chamber current voltage

Small 510 16 v
amp

Large 550 16 v
amp

Argon
flow
rate

0.35
g/sec
0.47
g/sec

p*

86.5
torr
79.0
torr

n* (fTe + T)*

1.114 X 1017 7500° K

1.996 X 1017 3820° K
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tion. It is difficult to assess the extent and the effects of such
trace contamination, other than to recall Talbot's basic as-
sumption that Bates' reaction rate constants should be ap-
plicable to any singly ionized monatomic gas. At any fate,
our intent here was to obtain partial evaluation of Talbot's
analysis using conditions often encountered with a practical
laboratory plasma.

4. Comparison of Data and Theory

Data are presented for two different flowfields that were
obtained using different settling chamber volumes but the
same 0.635-cm-diam orifice. The smaller settling chamber is
shown in Fig. 1. The test flow conditions are shown in
Table 2.

Figure 3 presents the ion density distribution obtained
using the small settling chamber compared with the total
density distribution predicted by Eq. (5). The theoretical
curve was normalized to match the data at x/D = 2, If the
predicted number density distribution was valid, one would
expect the data to agree with the theory only if the chemical
composition remained frozen beyond x/D — 2. If the ioniza-

2x10'-

SMALL SETTLING CHAMBER
o 1/7/69
Q 1/8/69
——— OPTICALLY THICK GAS
——— OPTICALLY THIN GAS

I015

Fig. 4a Ion density survey compared to expansion with
recombination (small settling chamber).
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2000

SMALL SETTLING CHAMBER
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D 1/8/69
v 2/7/69

T)* « 7500'
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Fig. 5a Electron temperature survey compared to pre-
dicted upper and lower bounds (small settling chamber).

LARGE SETTLING CHAMBER
o 6/8/70

(FT + T)* - 3820*K
4000 ' x

T , ° K

Fig. 4b Ion density survey compared to expansion with
recombination (large settling chamber).

Fig. 5b Electron temperature survey compared to pre-
dicted upper and lower bounds (large settling chamber).

tion fraction decreased beyond this point because of electron-
ion recombination, one would expect the data to fall below the
predicted level at downstream points.

Figures 4a and 4b provide a comparison between our ion
density data and the upper and lower limits predicted by the
flowfield calculations described in Sec. 2. The curves for the
optically thick and optically thin distributions cross at x/D
— 2 because we have used the ion density level measured at
this point to establish starting conditions for our calculations.
Since the data shown in Figs. 3 and 4a are the same, a com-
parison (theory vs theory) of these two figures indicates the
degree of recombination predicted by the optically thick and
optically thin limiting assumptions. Only a comparison
(data vs theory) of the axial density variation is meaningful
since the measured ion density level was used to start the
calculations. This latter comparison is somewhat limited in
value because of the small amount of recombination that was
observed within the region of flow that was surveyed. How-
ever, our calculations show a level of recombination that
approximately accounts for the discrepancy between data and
theory in Fig. 3.

We were mainly interested in the ability of this type of
analysis to predict approximately local electron temperature.
Figures 5a and 5b show that the theory provided a good ap-
proximation for the level and variation of electron tempera-
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ture along the centerline in the region of plasma expansion
that was free of shock wave effects. The data lie closer to the
optically thin predictions. The greater degree of scatter
relative to the ion density data reflects inaccuracies inherent
in replotting an oscilloscope trace.

Our electron temperature measurements showed a deviation
from the predicted variation starting at about x/D = 6 in
Fig. 5a and x/D = 4 in Fig. 5b. A similar deviation was
noted in the corresponding ion density measurements but
further downstream at approximately x/D = 8. The break
in the ion density distribution indicates the onset of plasma
compression associated with the normal shock. Figures 5a
and 5b show that the electron temperature begins to increase
well upstream of the normal shock. Christiansen17 observed
a similar rise in electron temperature upstream of a shock
produced by a blunt body in an ionized flow of cesium-seeded
argon. His investigation of the shock structure indicated
that the electron temperature increased through the shock
because of compression heating, and that energy transfer by
electron thermal conduction brought about the electron tem-
perature rise ahead of the compression region.

The flowfield calculations yielded reasonably close upper
and lower limits on electron temperature. Within the un-
disturbed regions of plasma expansion, these upper and lower
bounds were at most ± 15% of the mean value (at high x/D)
and were less than ± 10% throughout most of the expansion.
This difference between upper and lower bounds is of the same
order as the scatter frequently encountered in probe measure-
ments of electron temperature. The electron temperature
is often of interest primarily for predicting local speed of sound
or for converting saturation iron current measurements to ion
density. In the latter case, (Te)1/2 is used, and in the former
case, (fTe + T).1/2 For such applications, even a crude
estimate of electron temperature will contribute little source
of error.

Our flowfield calculations also provided upper and lower
bounds for ionization fraction, heavy-particle temperature,
velocity, speed of sound, and Mach number. The favorable
comparison shown in Figs. 5a and 5b provides some justifica-
tion for accepting the upper and lower limits predicted for
these other variables. We found the upper and lower bounds
on heavy particle temperature were quite close, being at most
±5% of the mean value. The bounds on flow velocity were
similar, and on Mach number were somewhat greater, reach-
ing ±8% at high x/D. The bounds on ionization fraction,
presented in Fig. 6, were considerably wider because of vast
differences in recombination rates under optically thick and
optically thin conditions.

With regard to plasma conditions at the orifice, the upper
and lower bounds were close enough to estimate, Te* = 12,-
000°K for the small settling chamber, and Te* = 9000°K for
the large settling chamber. For the small settling chamber,
we could not obtain a reasonable lower limit to heavy particle
temperature at the orifice from the optically thin calculation—
the value required to start the calculation was close to 0°K.
The optically thick calculation provided T* = 4250° K as an
upper bound. For the large settling chamber, we found T*
=- 3700°K for the upper limit and T* = 3320°K for the lower
limit. Such estimates provide a rough measure of thermal
nonequilibrium at the orifice. For the large settling chamber,
we conclude that 2.4 < (T./T)* < 2.9, whereas for the small
settling chamber, we can only state that 2.7 < (Te/T)*.

Some of the calculations presented by Chou and Talbot5

demonstrate that thermal nonequilibrium conditions should
be expected to exist at the sonic point when a plasma is as-
sumed to expand from equilibrium stagnation conditions.
However, the degree of thermal nonequilibrium that we en-
countered at our orifice appears considerably greater than
their calculations would predict. We believed that this type
of analysis could not describe the orifice conditions that we
observed. First, our settling chamber was too small to pro-
vide a stagnation region with equilibrium conditions upstream
of the orifice, and second, one would expect to encounter
thermal nonequilibrium shortly downstream of a high-in-
tensity electric discharge.

5. Concluding Remarks
We found that the method of analysis developed by Talbot

and his associates provided a description of our flowfield that
was consistent with our measurements and relatively direct
in application. Two modifications of their calculational
techniques were undertaken to adapt his analysis to our
particular experimental situation. These modifications made
it possible to use a single ion density measurement, in combina-
tion with bulk plasma properties measured at the orifice, to
calculate approximate upper and lower bounds on the flow
properties throughout the undisturbed expansion region
downstream of a sonic orifice. We found that this approach
predicted with reasonable accuracy the level and variation of
electron temperature in an expanding argon plasma.

Our assumption that the total density distribution is the
same as in a low-temperature argon expansion from the same
orifice was suggested by consideration of a number of axial
surveys of ion density distribution. Reasonably good agree-
ment between electron temperature measurements and pre-
dictions based on this density distribution further support
this assumption. The exponential function we arbitrarily
chose to represent the density distribution in the neighbor-
hood of the orifice appears to be satisfactory for approximate
prediction of the electron temperature variation downstream
of the orifice.

Our results tend to verify Talbot's assumption that Bates'
hydrogen reaction rate coefficients can be applied to an argon
plasma expansion for an approximate analysis of electron-ion
recombination effects. A more critical test of this assumption
would be encountered in a Laval nozzle flow since the slower
plasma expansion and more extensive region of influence of
chemical reactions would make the final test section con-
ditions more sensitive to the reaction rate expressions.
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A Variable Phase Velocity Traveling Wave Pump
CHARLES W. HALDEMAN,* JOHN P. SULLIVAN,! AND EUGENE E. COVERT J

Massachusetts Institute of Technology, Cambridge, Mass.

Results of analytical and experimental studies of an electrodeless, alternating-current
plasma accelerator, the traveling wave pump, are presented. A coil assembly that produces a
variable phase velocity and eliminates end effects is used. Data is presented indicating
supersonic acceleration of argon plasma in qualitative agreement with the mathematical
model.

Nomenclature
r,0,z = circular cylindrical coordinates
Ae — azimuthal component of vector potential
dr,de,dz = unit vectors
a — speed of sound
B = magnetic flux density
Beff = effective amplitude of magnetic flux density; 0.5-

(MA[/)2(A:ro)2^i2(fcro)[/i2(/cro)-7o(fcro)/2(/cro)] = Beff2

C = capacitance per unit length
E = electric field
G = Green's function
I = current per turn in exciting coil
7n(z) = modified Bessel function of the first kind of order n and

argument (x)
J = current density
Jn(x) = Bessel function of the first kind of order n and argu-

ment (x)
K = current sheet intensity

Received September 23, 1970; revision received March 23,
1971. This investigation was sponsored by the Aerospace Re-
search Laboratories, Air Force Systems Command, U.S. Air
Force, under Contract F33615-68-C-1380, and the Microwave
Physics Laboratory, Air Force Cambridge Research Labora-
tories, Office of Aerospace Research, U.S. Air Force, under Con-
tract F19628-69-C-0043.

* Associate Director, Aerophysics Laboratory. Member
AIAA.

t Research Assistant, Department of Aeronautics and Astro-
nautics.

t Professor. Associate Fellow AIAA.

Kn(x) = modified Bessel function of the second kind of order n
and argument (x)

k = wave number
kn — \n/R
L = inductance per unit length, length
M = Mach Number
MQ = initial Mach Number
N — number of turns per unit length on exciting coil
P = pressure
Po = isentropic stagnation pressure
R = radius of channel, resistance
T = temperature
t = time
u = velocity
u — time averaged component of velocity
UQ = initial velocity
u' = unsteady component of velocity
Vp = phase velocity of magnetic wave Vp = u/k(z)
z — axial position (m)
y = ratio of specific heats
\n = nth root of Jo(x) = 0
JLI = magnetic permeability = 47r X 10 ~7 h/m in free space
£ = length parameter £ = f(crBeff*/pu)dz
p = mass density
a- = electrical conductivity
co = angular frequency

Introduction

IN the classic rocket or wind-tunnel propulsion system, the
enthalpy of the working fluid is converted to velocity (or

Mach number) by an adiabatic expansion through a deLaval


